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SHRINKING RICCI SOLITONS WITH POSITIVE ISOTROPIC
CURVATURE
KEATON NAFF
Abstract
We show that in dimensions n ≥ 12, a non-flat complete gradient shrinking solitons with uniformly
positive isotropic curvature (PIC) must be a quotient of either the round sphere Sn or the cylinder
S
n−1
× R. We also observe that in dimensions n ≥ 5, a complete gradient shrinking soliton that is
strictly PIC and weakly PIC2 must be a quotient of either the round sphere Sn or the cylinder Sn−1×R.
1. Introduction
A Ricci gradient shrinking soliton is a triple (M, g, f) consisting of a complete Riemannian manifold (M, g)
a function f ∈ C∞(M), called the Ricci potential, satisfying the equation
Ric +∇2f =
1
2
g.
We say a gradient shrinking soliton is complete if the vector field ∇f is a complete vector field. In this note,
we will always assume the gradient shrinking soliton is complete.
Ricci shrinking solitons have played an important role in the analysis of singularities in the Ricci flow. By
work of Perelman, under certain preserved curvature positivity conditions, the blow-up limits at a singular
time of the Ricci flow have an asymptotic soliton at t = −∞. The classification of these asymptotic solitons
can be used to understand and eventually classify the blow-up models.
In the Ricci flow, the curvature positivity of the blow-up is usually better than the original manifold
and in classification results one typically supposes a curvature positivity that is known to hold for blow-ups
and blow-downs. In three dimensions, there is of course the celebrated Hamilton-Ivey result and Perelman’s
original classification of noncollapsed gradient shrinking solitons with bounded nonnegative sectional curva-
ture. Naber later proved a universal noncollapsing result for gradient shrinking solitons in all dimensions in
[Nab10].
In a seminal paper, Hamilton [Ham97] initiated and developed the study of the Ricci flow for initial data
with positive isotropic curvature (PIC for short) in four dimensions. The PIC condition was introduced by
Micallef and Moore [MM88]. Hamilton showed that this condition is preserved by the Ricci flow (in four
dimensions), constructed a continuous family of preserved curvature cones emanating from the PIC cone,
and used this family to get pinching estimates for the understanding and classification of singularity models.
Using this family of cones, Li, Ni, Wallach, and Wang recently completed the classification of shrinking
solitons which are strictly PIC; see [NW08a], [NW08b], [LNW18].
In higher dimensions, the Ricci flow has been studied under the assumption of nonnegative curvature
operator and recently, for n ≥ 12, for PIC initial data by Brendle [Bre19]. For the classification of gradient
shrinking solitons in higher dimensions, Munteanu and Wang [MW17] gave an elegant proof using the
maximum principle that gradient shrinking solitons with nonnegative sectional curvature and positive Ricci
curvature must be compact. Combining this result with the convergence result of Bohm and Wilking [BW08]
classifies, in all dimensions, gradient shrinking solitons with nonnegative curvature operator.
A theory for PIC initial data is a major improvement over initial data with nonnegative curvature
operator. The preservation of the PIC condition for n ≥ 5 was first shown by Brendle and Schoen [BS09]
and independently by Nguyen [Ngu10]. In the setting of [Bre19], blow-up limits are uniformly PIC and
weakly PIC2 (see section 3 for definition). So in this short note, our first observation is that the theorem of
Munteanu and Wang can be extended from initial data with nonnegative curvature operator to initial data
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in the PIC2 cone. By combining their result with the convergence result of Brendle and Schoen [BS09] (later
improved in [Bre08]), we can replace the assumption that the curvature operator is nonnegative with the
assumption that it be weakly PIC2.
Theorem 1.1. Suppose n ≥ 5 and (M, g, f) is an n-dimensional complete gradient shrinking soliton with
curvature tensor that is strictly PIC and weakly PIC2. Then (M, g) is isometric to a quotient of either a
round sphere Sn or a cylinder Sn−1 × R.
An immediate corollary of the theorem above, is a classification of the asymptotic soliton of ancient
κ-solutions. Following [Bre19], we define an ancient κ-solution to be a non-flat, ancient solution to the Ricci
flow of dimension n which is complete, has bounded curvature, is weakly PIC2, and is κ-noncollapsed on all
scales. Given such an object, (M, g(t)), t ∈ (−∞, 0], for any fixed point q ∈ M and any sequence of times
tk → −∞, there exist points pk ∈ M such that the reduced distance satisfies ℓ(pk, tk) ≤ n. By work of
Perelman [Per], the sequence of rescalings by |tk|
−1 about the points (pk, tk) converges to a non-flat gradient
shrinking soliton. Any such limit is called the asymptotic soliton.
Corollary 1.2. Let n ≥ 5. Suppose (M, g(t)), t ∈ (−∞, 0] is an ancient κ-solution, which in addition is
uniformly PIC. Then its asymptotic soliton is either a quotient of a round sphere Sn or a cylinder Sn−1×R.
This can be used to give an alternative proof of the universal non-collapsing of ancient κ-solutions as
shown in Theorem 6.19 in [Bre19].
Very recently, Li and Ni gave a classification of weakly PIC1 Ricci shrinking solitons [LN] (thereby showing
PIC1 shrinkers are PIC2). Their results independently include Theorem 1.1, its corollary, and Lemma 7.2
below. Our techniques are based on those in [Bre19].
In an effort to understand solitons only under the PIC assumption, our second theorem and the main
effort of this note is a pinching condition for complete gradient shrinking solitons in all dimensions. This is
similar to a result for ancient solutions proved in [BHS11]. For definitions of CB(R
n) and property (∗), see
section 3.
Theorem 1.3. Let (M, g, f) be an n-dimensional complete gradient shrinking Ricci soliton and C(s)s∈[0,1]
a continuously varying family of cones in CB(R
n) each satisfying property (∗). Suppose that the curvature
tensor of (M, g) is contained in the cone C(0) at every point in M . Then the curvature tensor of (M, g) is
contained in the cone C(1) at every point in M .
Finally, in [Bre19] Brendle constructs a new continuous family of preserved cones that pinch towards
PIC1 for n ≥ 12. Using this family of preserved cones constructed, we can improve Theorem 1.1 by dropping
the assumption of weakly PIC2 in dimensions n ≥ 12.
Theorem 1.4. Suppose n ≥ 12 and (M, g, f) is a non-flat n-dimensional complete gradient shrinking soliton
with curvature tensor that is uniformly PIC. Then (M, g) is isometric to quotient of either a round sphere
Sn or a cylinder Sn−1 × R.
It is an interesting question if one can weaken the assumption of uniformly PIC to strictly PIC in the
theorem above. This would give a classification result which agrees with the stronger classification currently
available in dimension four.
The structure of this note is as follows. In sections 2 and 3, we review the relevant definitions, results,
and conventions necessary for our results . In section 4, we give proofs of some auxiliary results needed. In
sections 5, 6, and 7 we give the proofs of Theorems 1.1, 1.3, and 1.4 respectively.
Acknowledgements. The author would like to thank his advisor Simon Brendle for suggesting this
question and for his encouragement and guidance.
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2. Gradient Shrinking Solitons
We begin with a brief review of some of the consequences of the soliton equation. There are standard
identities
scal + ∆f =
n
2
,
Ric(∇f) = div(Ric) =
1
2
∇scal,
d(scal + |∇f |2 − f) = 0.
The first identity follows from tracing the soliton equation. The second and third identities follow from
taking the divergence of the soliton equation and applying the second Bianchi identity. In particular, after
possibly shifting f by a constant, we may assume that
scal + |∇f |2 = f.
A Ricci gradient shrinking soliton (M, g, f) is called normalized if the equation above holds. When (M, g, f)
is normalized and has nonnegative scalar curvature (for example if we assume PIC), this implies useful
estimates 0 ≤ scal ≤ f and |∇f |2 ≤ f .
We next recall the soliton potential growth-estimate due to Cao and Zhou in [CZ10]. They have shown
that for any normalized complete gradient shrinking soliton (M, g, f), there exists constants c1, c2, and r0
depending on n and the geometry of of g in a ball such that
1
4
(
r(x) − c1)
2 ≤ f(x) ≤
1
4
(
r(x) + c2)
2
for r(x) ≥ r0, where r(x) = d(x, p) is the distance function from a point which minimizes f . In particular
f(x)→∞ as d(x, p)→∞.
Finally, we recall the following standard elliptic evolution equations for gradient shrinking Ricci solitons,
∆fR = R−Q(R),
∆fRicik = Ricik − 2
n∑
p,q=1
RipkqRicpq,
∆f scal = scal− 2|Ric|
2.
Here ∆f = ∆ − ∇∇f . These identities follow from the standard parabolic evolutions equations for the
associated Ricci flow of (M, g, f) given by
g(t) = (−t)ϕ∗− log(−t)g
where ϕt is the 1-parameter flow for the vector field ∇f . Here Q(R) is given by
Q(R)ijkl =
n∑
p,q=1
RijpqRklpq + 2
n∑
p,q=1
RipkqRjplq −RiplqRjpkq .
3. Preserved Cone Conditions in Ricci Flow
We let CB(R
n) denote the space of curvature tensors on Rn satisfying the algebraic Bianchi identities. This
is a subset of the space S2(Λ2Rn) and comes equipped with a natural action of O(n). We similarly define
CB(TpM) and let CB(TM) denote the vector bundle of algebraic curvature tensors over (M, g). Preserved
cones have played an important role in understanding higher dimensional Ricci flow. We briefly review some
definitions and notations. For more information, see Chapter 7 of [Bre10].
The curvature positivity conditions we will be concerned with here are the PIC, PIC1, and PIC2 condi-
tions. Given a Riemannian manifold (M, g), we say its curvature tensor R is weakly PIC (or has nonnegative
isotropic curvature) if for every p ∈M and every orthonormal four frame e1, e2, e3, e4 ∈ TpM ,
R1313 +R1414 +R2323 +R2424 − 2R1234 ≥ 0.
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R is weakly PIC1 if for every p ∈M , every orthonormal four frame e1, e2, e3, e4 ∈ TpM , and every λ ∈ [0, 1],
R1313 + λ
2R1414 +R2323 + λ
2R2424 − 2λR1234 ≥ 0.
R is weakly PIC2 if for every p ∈M , every orthonormal four frame e1, e2, e3, e4 ∈ TpM , and every λ, µ ∈ [0, 1],
R1313 + λ
2R1414 + µ
2R2323 + λ
2µ2R2424 − 2λµR1234 ≥ 0.
The conditions above define closed cones in CB(R
n). We denote these cones by PIC, PIC1, and PIC2
respectively. Let C ⊂ CB(R
n) be a cone. For any R ∈ C, we let TRC denote the tangent cone. We will say
C has property (∗) if it satisfies the following conditions:
(i) C is closed, convex, O(n)-invariant, and of full-dimension.
(ii) For every R ∈ C \ {0}, Q(R) is contained in interior of TRC.
(iii) For every R ∈ C \ {0}, scal(R) > 0.
(iv) The curvature tensor Iijkl = δikδjl − δilδjk lies in the interior of C.
In particular, PIC1 and PIC2 are examples of cones satisfying property (∗). The PIC cone has every
property but (ii); Q(R) may be contained in the boundary of the tangent cone. An important consequence
of the properties above is that for any cone C with property (∗) there exist constants θ > 0 and Θ < ∞,
depending only on the cone, such that for all R ∈ C, Q(R)− θ scal2I is contained in the interior of TRC and
|R|2 ≤ Θ2 scal2. See Lemma 4.2 below.
Given a Riemannian manifold (M, g), any identification between (TpM, gp) and (R
n, gflat) gives an iden-
tification between CB(R
n) and CB(TpM). The image of any O(n)-invariant subset CB(R
n) is independent of
the choice of identification. For this reason, if C ⊂ CB(R
n) is an O(n)-invariant cone and R is the curvature
tensor on (M, g) we will abuse notation by writing R(x) ∈ C, but we mean the curvature tensor at x is
contained in the cone C after making any identification of the tangent space with Rn.
The pointwise identifications can be chosen in a consistent manner in neighborhood of M via parallel
transport. Using an orthonormal basis at p, we first identify CB(R
n) with CB(TpM). Then we use the
parallel transport maps to uniquely identify CB(TpM) and CB(TqM) for any point q not in the cut locus of
p. In other words, CB(TM) in a trivializing chart U can be identified with U × CB(R
n). In this way, any
O(n)-invariant cone C is defined consistently in neighborhood of M . Recall the Kulkarni-Nomizu product:
given two symmetric (0,2)-tensors A and B, the product defines a (0,4)-tensor A ∧© B with the symmetries
of an algebraic curvature tensor. In any orthonormal 4-frame, the product is defined by
(A ∧© B)pqrs = AprBqs −ApsBqr −AqrBps +AqsBpr.
The tensor in property (iv) above is I = 12g ∧© g, which in a local orthonormal frame becomes
1
2 id ∧© id.
4. Auxillary Results
PIC implies a bound for the largest eigenvalue of the Ricci tensor by the scalar curvature. This is Lemma
A.3 in [Bre19].
Lemma 4.1. Suppose n ≥ 5 and R ∈ PIC. Then Ricnn ≤
1
2 scal.
Proof. We have
scal− 2Ricnn =
n−1∑
j=1
Ricjj − Ricnn =
n−1∑
i,j=1
Rijij ≥ 0,
by summing over the PIC condition.
A curvature tensor R contained in a cone C satisfying property (∗) must have Q(R) a uniform distance
from the boundary of TRC and is uniformly bounded in norm by its scalar curvature.
Lemma 4.2. Suppose n ≥ 4, and C ⊂ CB(R
n) a convex, closed cone.
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1. If C has property (ii) above, then there exists θ such that for all R ∈ C, Q(R)− θ scal2I ∈ TRC.
2. If C has property (iii) above, then there exists Θ such that for all R ∈ C, then
|R| =
n∑
i,j=1
|Rijij | ≤ Θscal.
In particular, this is true for the PIC cone.
Proof. For the first claim, note that Q(R) depends smoothy upon on R. If R = 0, the claim is clear. Suppose
R 6= 0. Since C is a cone, for a > 0 we have TaRC = TRC as subsets of CB(R
n). Thus Q(R)− θ scal(R)2 is
contained in the interior of TRC if |R|
−2(Q(R)− θ scal2) is contained in the interior of TRC = T|R|−1RC. So
we may assume that |R| = 1. If the claim is false, then there exists a sequence Rk ∈ C with |Rk| = 1 so that
Q(Rk)− k
−2scal(Rk)
2 ∈ T. RkC. The set {|R| = 1}∩C is compact, so there exists a subsequence converging
to R ∈ C. Moreover, TRkC converges to TRC continuously, taking boundary points to boundary points. So
Q(R) is contained in the boundary of TRC contradicting (ii).
The second claim follows similarly. Assume R 6= 0. Then scal > 0. If the claim is false, then there exists
a sequence Rk ∈ C such that |Rk| = 1, and scal(Rk) ≤ k
−1. Since {|R| = 1}∩C is closed, we conclude there
exists R ∈ C such that |R| = 1, but scal = 0, contradicting (iii).
To verify the second property for PIC, note by Proposition 7.3 in [Bre10], R ∈ PIC implies scal ≥ 0 and
R ∈ PIC with Ric = 0 implies R = 0. If scal = 0, then by Lemma 4.1, the largest eigenvalue of the Ricci
tensor is nonpositive. If any eigenvalue is negative, then scal < 0. Since it is not, we conclude Ric = 0 and
hence R = 0. Thus PIC has property (ii).
The following lemma shows that uniform two-positivity of the Ricci tensor is preserved for curvature
tensors that are uniformly PIC. A lower bound for the sum of the smallest two eigenvalues of the Ricci
tensor is one of the conditions required in the definition of Brendle’s preserved family of cones.
Lemma 4.3. Suppose δ > 0, n ≥ 5, and R ∈ CB(R
n) \ {0} satisfies R − δ scal I ∈ PIC. Then, there exists
a constant θ0 = θ0(n, δ) > 0 such that if θ ∈ [0, θ0] and Ric11 +Ric22 ≤ θ scal, then
Ric(Q(R))11 +Ric(Q(R))22 − θ scal(Q(R)) > 0.
In particular, the condition Ric11 +Ric22 ≥ θ scal is preserved by the Hamilton ODE.
Proof. Suppose Ric11 +Ric22 ≤ θ scal. We need to show that
d
dt
(Ric11 +Ric22 − θ scal) = Ric(Q(R))11 +Ric(Q(R))22 − θ scal(Q(R)) > 0.
Without loss of generality we may assume Ric is diagonal and Ric11 ≤ · · · ≤ Ricnn. Let λi = Ricii. Then
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λn ≥
1
n
scal and by the Lemma 4.1, λn ≤
1
2 scal. Note the PIC condition implies scal > 0. Now we compute
Ric(Q(R))11 +Ric(Q(R))22 = 2
n∑
j=1
(
R1j1j +R2j2j
)
λj
= 2
n∑
j=1
(
R1j1j +R2j2j
)(
λj −
1
2
(λ1 + λ2)
)
+
n∑
j=1
(
R1j1j +R2j2j
)
(λ1 + λ2)
= 2
n∑
j=3
(
R1j1j +R2j2j
)(
λj −
1
2
(λ1 + λ2)
)
+ (λ1 + λ2)
2
≥ 4δ scal
n∑
j=3
(
λj −
1
2
(λ1 + λ2)
)
+ 2
n∑
j=3
(
R1j1j +R2j2j − 2δ scal
)(
λj −
1
2
(λ1 + λ2)
)
= 4δ scal
(
scal− λn −
n
2
(λ1 + λ2)
)
+ 2
n∑
j=3
(
R1j1j +R2j2j − 2δ scal
)(
λj −
1
2
(λ1 + λ2)
)
≥ 2δ scal2
(
1− nθ
)
+ 2
n∑
j=3
(
R1j1j +R2j2j − 2δ scal
)(
λj −
1
2
(λ1 + λ2)
)
.
Note λj −
1
2 (λ1 + λ2) ≥ 0 for j ≥ 3. We will show the sum is controlled by the first term. Uniformity of the
PIC condition means for all distinct p, q ∈ {3, . . . , n},
R1p1p +R2p2p +R1q1q +R2q2q ≥ 4δ scal.
This condition implies that the expression R1p1p + R2p2p − 2δscal can be negative for at most one p ∈
{3, . . . , n}. We consider three cases:
Case 1: Suppose that R1p1p + R2p2p ≥ 2δ scal for all p ∈ {3, . . . , n}. Then every term in the sum is
nonnegative, so
2
n∑
j=3
(
R1j1j +R2j2j − 2δ scal
)(
λj −
1
2
(λ1 + λ2)
)
≥ 0.
Case 2: Suppose that R1p1p +R2p2p < 2δ scal for some p ∈ {3, . . . , n− 1}. Then R1q1q +R2q2q ≥ 2δ scal for
all q ∈ {3, . . . , n} \ {p} and in particular,
R1n1n +R2n2n − 2δ scal ≥ 2δ scal−R1p1p −R2p2p.
This implies
2
n∑
j=3
(
R1j1j +R2j2j − 2δ scal
)(
λj −
1
2
(λ1 + λ2)
)
≥ 2
(
2δ scal−R1p1p −R2p2p
)(
λn − λp
)
≥ 0
Case 3: Suppose that R1n1n +R2n2n < 2δ scal. Then for all q ∈ {3, . . . , n− 1}
R1q1q +R2q2q − 2δ scal ≥ 2δ scal−R1n1n −R2n2n.
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This implies
2
n∑
j=3
(
R1j1j +R2j2j−2δ scal
)(
λj −
1
2
(λ1 + λ2)
)
≥ 2
(
2δ scal−R1n1n −R2n2n
)( n−1∑
j=3
(
λj −
1
2
(λ1 + λ2)
)
− λn +
1
2
(λ1 + λ2)
)
= 2
(
2δ scal−R1n1n −R2n2n
)(
scal− 2λn −
n− 2
2
(λ1 + λ2)
)
≥ −
(
2δ scal−R1n1n − R2n2n
)
(n− 2)θ scal
≥ −(n− 2)
(
2δ +
|R1n1n|+ |R2n2n|
scal
)
θ scal2
≥ −(n− 2)
(
2δ + C(n)
)
θ scal2
≥ −
δ
2
scal2
where the last inequality holds for 0 ≤ θ ≤ θˆ = θˆ(n, δ), sufficiently small. Note we used that |R1n1n| +
|R2n2n| ≤ C(n) scal by Lemma 4.2 to go from the fourth line to the fifth.
By our casework above, for θ sufficiently small, we have
Ric(Q(R))11 +Ric(Q(R))22 ≥ 2δ scal
2
(
1− nθ
)
−
δ
2
scal2 ≥
δ
2
scal2
On the other hand,
θ scal(Q(R)) = 2θ |Ric|2 ≤ 2nθ λ2n ≤
n
2
θ scal2.
Putting this together with our lower bound, we have
Ric(Q(R))11 +Ric(Q(R))22 − θ scal(Q(R)) ≥
(δ
2
−
n
2
θ
)
scal2.
The claim then follows for θ ≤ θ0 = θ0(n, δ) = min{θˆ(n, δ),
δ
2n} > 0.
The following standard lemma is based on Hamiton’s proof of the maximum principle for systems [Ham86]
(see also [BW07]). We include it here for convenience.
Lemma 4.4. Suppose (M, g) is a Riemannian manifold and let S be a local smooth section of CB(TM) in
a trivialization. That is, S : U → CB(R
n). Let C ⊂ CB(R
n) be a cone satisfying property (∗) and assume
S(x) ∈ C for every x ∈ U . Then for any x ∈ U and v ∈ TxM , ∇vS(x) ∈ TS(x)C and ∆S(x) ∈ TS(x)C.
Proof. The tangent cone at interior points of C is all of CB(R
n), so wherever S(x) is contained in the
interior of C, there is nothing to prove. Suppose S(x) ∈ C. . The tangent cone TS(x)C is intersection of
all half-spaces such that S(x) ∈ H. and C ⊂ H . Let H ⊂ CB(R
n) be any such supporting half-space of
C. Denote the natural inner product on CB(R
n) by 〈· , ·〉. Let RH be the normal vector defining H so
that R ∈ H if 〈R,RH〉 ≥ 0. Note that |〈R,RH〉| is the distance from R to H in CB(R
n). We must show
〈∇vS(x), RH〉 ≥ 0 and 〈∆S(x), RH 〉 ≥ 0. Let γ(t) be a geodesic in M satisfying γ(0) = x and γ
′(0) = v.
Define f(t) = 〈S(γ(t)), RH〉. Then f(t) ≥ 0 and attains a minimum at t = 0. Therefore
0 = f ′(t) = 〈∇vS(x), RH〉,
0 ≤ f ′′(t) = 〈∇2v,vS(x), RH〉.
Since v is arbitrary, summing the second identity over an orthonormal basis at x implies 〈∆S(x), RH〉 ≥ 0.
Since H was arbitrary, the lemma is proven.
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5. Proof of Theorem 1.1
Proof. This theorem is a simple extension of Theorem 2 in [MW17] using convergence results of [Bre08]
instead of [BW08]. By working on the universal cover, we may assume (M, g) is simply connected. Since
our soliton is weakly PIC2 and strictly PIC, by Proposition 6.5 in [Bre19], either Ric has a zero and (M, g)
splits off a line or Ric > 0. If (M, g) is isometric to (N, gN ) × R, then one can easily verify that with
fN = f |N×{0}, the triple (N, gN , fN ) is a complete gradient shrinking soliton of lower dimension satisfying
the same assumptions as (M, g, f) and additionally RicgN > 0. So it suffices to assume Ric > 0. The
condition weakly PIC2 implies nonnegative sectional curvature. Together with the assumption Ric > 0, the
aforementioned result of Munteanu and Wang implies (M, g) is compact. Since M is compact, it cannot
split off a second line and so the argument given in Proposition 6.6 of [Bre19] implies M is strictly PIC2.
By the main result of [Bre08], the associated Ricci flow of (M, g, f) converges to Sn, and the desired result
follows.
6. Proof of Theorem 1.3
Proof. If M is compact, then the result follows from Theorem 9 in [BHS11] because shrinking solitons are
ancient solutions. So assume M is noncompact and the soliton is normalized. Note because M is not flat,
scal > 0. Recall normalized solitons satisfy scal ≤ f , and |∇f |2 ≤ f . Define
smax = sup{s ∈ [0, 1] : ∀t ≤ s,R ∈ C(t)}
By definition, R ∈ C(smax). We want to show smax = 1. We claim there exists some δ > 0 such that for all
x ∈M ,
(6.1) R− δ scal I ∈ C(smax).
The theorem follows from the claim: if it is true and smax < 1, then because the family of cones is continuous
and contains I, this implies R ∈ C(smax + s
′) for s′ > 0 sufficiently small, contradicting the definition of
smax.
The claim (6.1) will follow from the maximum principle. We will need a function to control the growth
of curvature. In light of the fact that scal ≤ f , a suitable power of the soliton potential is the obvious choice.
Define ϕ :M → R by
ϕ = (f + n)2
Observe that
∆f (f + n)
2 = ∆ff
2 + 2n∆ff(6.2)
= 2|∇f |2 + 2f∆ff + 2n
(n
2
− f
)
= 2|∇f |2 + nf − 2f2 + n2 − 2nf
≤ n2 − (n− 2)f − 2f2
≤ n2
≤ (f + n)2
where we used that |∇f |2 ≤ f and f ≥ 0. So we have ∆fϕ ≤ ϕ. Moreover, since scal ≤ f and f(x)→∞ as
x→∞, we have
(6.3) lim
x→∞
scal(x)
ϕ(x)
= 0.
Fix an arbitrary ε > 0 and δ > 0 to be chosen later. Define a function u :M → R by
u(x) = inf
{
λ ≥ 0 : R(x) +
(
εϕ(x)− δscal(x)
)
I + λI ∈ C(smax)
}
.
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This function measures the distance in the direction of I of the section R+(εϕ− δscal)I from the interior of
the cone C(smax). By O(n)-invariance of the cone, the definition of u is independent of the local orthonormal
frame we use to define I. We claim that u ≡ 0 on M . Our choice of ϕ such that (6.3) holds implies that u
vanishes outside of a compact set in M . Suppose however u 6≡ 0. Then there exists x0 ∈M where u attains
its positive maximum λ0 > 0. Let U be a small open neighborhood of x0. Define a smooth local section of
CB(TM) by
S(x) = R(x) +
(
εϕ(x) − δscal(x)
)
I + λ0I,
with respect to some local orthonormal frame. In a local trivialization of CB(TM), the section is a smooth
map S : U → CB(R
n). Because λ0 is the maximum of u, we have that S(x) ∈ C(smax) for all x ∈ U and
S(x0) ∈ C. (smax). Hence by Lemma 4.4, ∆fS(x0) ∈ TS(x0)C(smax).
To derive a contradiction, we will show that −∆fS(x0) is contained in the interior of TS(x0)C(smax). To
this end, let c = εϕ− δscal + λ0 so that S = R+ cI. Then by straightforward computation
Q(S) = Q(R+ cI) = Q(R) + 2cRic ∧© id + 2nc2I,
scal(S) = scal + n(n− 1)
(
εϕ− δ scal + λ0
)
.
Since εϕ+ λ0 ≥ 0, this implies scal(S) ≥ scal− n(n− 1)δscal. So if we assume δ ≤ (2n(n− 1))
−1, then
(6.4) scal(S(x0))
2 ≥
1
2
scal(x0)
2.
Now because R(x0) ∈ C(smax), by definition of λ0, we must have εϕ(x0)− δ scal(x0)+λ0 ≤ 0. In particular,
(6.5) |c(x0)| = −εϕ(x0) + δ scal(x0)− λ0 ≤ δ scal(x0).
Fix θ and Θ for C(smax) as in Lemma 4.2. Now we compute,
−∆fS = −∆fR− ε∆fϕI + δ∆f scal I
= Q(R)−R+ δ scal I − 2δ|Ric|2I − ε∆fϕI
= Q(S)− 2
(
εϕ− δ scal + λ0)Ric ∧© id− 2n(εϕ− δ scal + λ0)
2I
− S + εϕI + λ0I − 2δ|Ric|
2I − ε∆fϕ I
= (Q(S)− θ scal(S)2I) + θ scal(S)2I − S + ε(ϕ−∆fϕ)I + λ0I
− 2δ|Ric|2I − 2
(
εϕ− δ scal + λ0)Ric ∧© id− 2n(εϕ− δ scal + λ0)
2I
In our final expression above for −∆fS(x0) the terms on the first line are contained in TS(x0)C(smax). We
need to control the remaining terms which are not contained in the tangent cone. By (6.4) and (6.5), at x0
these terms are controlled in norm by scal(x0)
2 and hence by scal(S(x0))
2. Specifically, at x0 there holds
2|εϕ− δ scal + λ0|
∣∣Ric ∧© id∣∣ ≤ C(n)Θ δ scal2,
2n(εϕ− δ scal + λ0)
2|I| ≤ C(n) δ scal2,
2δ|Ric|2|I| ≤ C(n)Θ2δ scal2,
where C(n) is a constant only depending on the dimension. Thus for δ sufficiently small depending only
upon n, θ, and Θ, the terms estimated above are dominated by the term θ scal(S)2I, which is contained
in the interior of the tangent cone. For such δ, we conclude that −∆fS(x0) is contained in the interior of
TS(x0)C(smax), a contradiction. Thus we must have u(x0) = 0, and hence u ≡ 0 on M . In other words,
R−δ scal I+εϕI ∈ C(smax). By taking ε→ 0, the proof of the claim, and hence the theorem is complete.
7. Proof of Theorem 1.4
We begin by showing that the Ricci tensor of a uniformly PIC shrinking soliton is uniformly two-positive.
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Lemma 7.1. Suppose δ > 0, n ≥ 5 and (M, g, f) is a non-flat n-dimensional complete gradient shrinking
soliton with curvature tensor satisfying R − δ scal I ∈ PIC. Then the Ricci tensor of (M, g) is uniformly
two-positive: there exists θ = θ(n, δ) > 0 such that
Ric11 +Ric22 ≥ θ scal.
Proof. The proof is essentially a combination of two ideas used above. First, uniformity of the PIC assump-
tion implies a good evolution equation for the sum of the two smallest eigenvalues of Ricci. In the presence
of bounded curvature, this is enough to show two-positivity for ancient solutions. Since we do not assume
bounded curvature, the second input is that uniformity of the PIC assumption implies the soliton potential
controls the norm of the Ricci tensor.
Assume the soliton is normalized. We assume M is noncompact. The argument also works with obvious
modifications ifM is compact and hence has bounded curvature. Choose any θ ∈ [0, θ0] as in Lemma 4.3. Let
λi :M → R denote the eigenvalues of the Ricci tensor with λ1 ≤ · · · ≤ λn. For x ∈M , let e1, . . . , en ∈ TxM
be an eigenbasis of Ricci. Then at x, in the sense of barriers, we have
∆f (λ1 + λ2 − θ scal) ≤ (λ1 + λ2 − θ scal)− Ric(Q(R))11 − Ric(Q(R))22 + θ scal(Q(R))
By Lemma 4.3, whenever λ1 + λ2 ≤ θ scal,
Ric(Q(R))11 +Ric(Q(R))22 − θ scal(Q(R)) > 0,
and thus ∆f (λ1 + λ2 − θ scal) ≤ (λ1 + λ2 − θ scal), whenever λ1 + λ2 − θ scal ≤ 0,
As in the proof of Theorem 1.3, let ϕ = (f + n)2. Recall that ∆fϕ ≤ ϕ and ϕ > 0. Fix an arbitrary
ε > 0. Define a function
u = λ1 + λ2 − θ scal + εϕ.
Then we have ∆fu ≤ u whenever λ1 + λ2 − θ scal ≤ 0.
Now by Lemma 4.2 for some constant C(n), we have
|λ1 + λ2|+ θ scal ≤ 2|Ric|+ θ scal ≤ C(n)scal ≤ C(n)f.
Therefore
u ≥ −|λ1 + λ2| − θ scal + εf
2 ≥ −C(n)f + εf2
Since f(x)→∞ as d(x, p)→∞, we conclude u ≥ 0 outside of a compact set inM and that u ≥ −C onM for
some C > 0. Suppose the function attains its minimum at x0. If u(x0) < 0, then since the soliton potential
is positive, we must have (λ1+λ2− θ scal)(x0) < 0. So ∆fu(x0) ≤ u(x0) < 0. This contradicts the fact that
∆fu(x0) ≥ 0 at the minimum. Therefore, u ≥ 0 on M and by taking ε → 0, we have λ1 + λ2 ≥ θ scal, as
was claimed.
Lemma 7.2. Suppose n ≥ 5 and (M, g, f) is an n-dimensional gradient shrinking soliton with curvature
tensor that is weakly PIC1. Then the curvature tensor of (M, g) is weakly PIC2.
Proof. Assume the soliton is normalized. Because R ∈ PIC1, there exists Θ = Θ(n) such that |R| ≤ Θscal.
When (M, g) is flat, the theorem is clear. Assume (M, g) is not flat and scal > 0. Fix 0 < ε ≤ 1 arbitrarily
small and let ϕ = (f + n)2 as in the proof of Theorem 1.3. As opposed to previously, here we will use the
stronger conclusion that ∆fϕ < ϕ, which is true because f > 0 (see (6.2)). Define a curvature tensor on M
by S = R+ ε scal I. Note that |S| ≤ C(n)Θ scal. We claim there exists κ <∞ such that
(7.1) S1313 + λ
2S1414 + µ
2S2323 + λ
2µ2S2424 − 2λµS1234 + κ εϕ(x) (1 − λ
2)(1 − µ2) ≥ 0
for all x ∈ M , {e1, e2, e3, e4} ⊂ TxM orthonormal, and λ, µ ∈ [0, 1]. To see this, suppose we have
x, {e1, e2, e3, e4}, λ, µ and κ such that the inequality above does not hold. Because the last term in the
inequality above is nonnegative, failure to hold implies
(7.2) S1313 + λ
2S1414 + µ
2S2323 + λ
2µ2S2424 − 2λµS1234 < 0.
10
Rearranging terms in (7.1) but with the inequality flipped, we have
κ ε (1− µ2)(1− λ2) < ϕ(x)−1
(
|S1313|+ λ
2|S1414|+ µ
2|S2323|+ λ
2µ2|S2424|+ 2λµ|S1234|
)
(7.3)
≤ C(n)Θ
scal(x)
ϕ(x)
.
As we have used several times now, the RHS is bounded on M . So it remains to show the coefficient of κ on
the LHS is bounded away from zero. By the PIC1 assumption, for our given λ we have
S1313 + λ
2S1414 + S2323 + λ
2S2424 − 2λS1234 ≥ 2ε (1 + λ
2) scal
Combining this with (7.2) implies
(1− µ2)S2323 + λ
2(1 − µ2)S2424 − 2λ(1− µ)S1234 ≥ 2ε (1 + λ
2) scal
Using |S| ≤ C(n)Θ scal, this implies that at any point for which (7.3) holds, we have
(1− µ2) ≥
ε
C(n)Θ
> 0.
So µ is uniformly bounded away from 1 by a constant depending only on n and ε. An identical argument
implies the same for λ and this shows the coefficient of κ is bounded away from zero in (7.3). This completes
the proof of the claim: For κ sufficiently large depending upon of ε and n, (7.3) cannot hold, and so (7.1)
does.
Let κ0 be minimal such that (7.1) holds on all of M . Let x0, {e1, e2, e3, e4}, λ, µ be such that
S1313 + λ
2S1414 + µ
2S2323 + λ
2µ2S2424 − 2λµS1234 + κ0 ε ϕ(x0) (1− λ
2)(1− µ2) = 0.
Note that we have λ 6= 1 and µ 6= 1. By Proposition 7.27 in [Bre10], we have
Q(S)1313 + λ
2Q(S)1414 + µ
2Q(S)2323 + λ
2µ2Q(S)2424 − 2λµQ(S)1234 ≥ 0
Extend {e1, e2, e3, e4} smoothly by parallel transport in a neighborhood of x0 and define a smooth function
u on this neighborhood by
u(x) = S1313 + λ
2S1414 + µ
2S2323 + λ
2µ2S2424 − 2λµS1234 + κ0 ε ϕ(x) (1 − λ
2)(1− µ2).
Then we have u(x0) = 0 and ∆fu(x0) ≥ 0. On the other hand,
∆fu(x0) = −Q(S)1313 − λ
2Q(S)1414 − µ
2Q(S)2323 − λ
2µ2Q(S)2424 + 2λµQ(S)1234
+ κ0 ε
(
∆fϕ(x0)− ϕ(x0)
)
(1− λ2)(1− µ2) + u(x0)
≤ κ0 ε
(
∆fϕ(x0)− ϕ(x0)
)
(1− λ2)(1− µ2)
If κ0 6= 0, then we conclude ∆fu(x0) < 0, a contradiction. Therefore, κ0 = 0, and
S1313 + λ
2S1414 + µ
2S2323 + λ
2µ2S2424 − 2λµS1234 ≥ 0,
for all x ∈M , {e1, e2, e3, e4} ⊂ TxM orthonormal, and λ, µ ∈ [0, 1]. Finally, taking ε→ 0, we conclude that
R is weakly PIC2 as was claimed.
We can now prove Theorem 1.4.
Proof. In [Bre19], Brendle constructs two continuous families of cones, C(b)b∈(0,bmax] and C˜(b)b∈(0,b˜max], both
satisfying property (∗) for n ≥ 12; see Brendle’s Definition 3.1 and Definition 4.1. These families satisfy that
C(bmax) = C˜(b˜max) (Proposition 4.3) and C˜(b)→ C(bmax)∩PIC1 ⊂ PIC1 continuously as b→ 0 (Definition
4.1). The family
Cˆ(b) =
{
C(b) b ∈ (0, bmax]
C˜(bmax + b˜max − b) b ∈ (bmax, bmax + b˜max)
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therefore is a continuous family of cones with property (∗) which pinches towards PIC1. By Lemma 7.1
above, we have Ric11+Ric22 ≥ θ scal. Uniform positive isotropic curvature and uniform two-positivity of the
Ricci tensor imply the curvature tensor of (M, g) is contained in Cˆ(b) some b > 0 small. This is readily seen
after setting T = δ scal I in Definition 3.1. Thus by Theorem 1.3, the curvature tensor of M is contained in
Cˆ(b) for all b in its definition and in particular (M, g) is weakly PIC1. Now by Lemma 7.2, (M, g) is weakly
PIC2. The theorem then follows from Theorem 1.1.
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